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ABSTRACT

In recent years, fractional-order systems have been considered as an important mathematical
modeling in various fields of applied sciences and engineering because of describing memory
properties. Due to the effect of memory there are several dynamical behaviors which have not
occurred in the integer-order systems. In this work, we investigate the dynamical behaviors for
the fractional-order systems, especially focused on the slow passage. The slow passage prob-
lems arise as models of systems with multiple scales such as in chemical reactions where the
reactant concentrations vary slowly on the intrinsic time scale of the reactors. To study the ef-
fect of slow passage we consider the bifurcation analysis for the fractional-order system and
resonance associated with linear periodically forced damped pendulum. Moreover, we investi-
gate an relation between the value of fractional-order and the dynamical measurements such as
amplitude of resonance and delay time.

1 INTRODUCTION

In this section we give some basic definitions and propertiesof the fractional calculus [1].
Definition 1.1 A real valued functionf(t), t > 0 is said to be in the spaceCµ, µ ∈ R if there
exists a real numberp, p < µ such thatf(t) = tpf1(t), wheref1(t) ∈ C[0,∞), and it is said to
be in the spaceCm

µ if and only iff (m) ∈ Cµ, m ∈ N.
Definition 1.2 The Riemann-Liouville fractional integral operator of orderα ≥ 0 of a function
f(t) ∈ Cµ, t > a ≥ 0, µ ≥ −1 is defined by

Jα
a f(t) =
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f(t), α = 0.

The operatorJα
a satisfies the following properties: Forf(t) ∈ Cµ, t > a ≥ 0, µ ≥ −1, α, β ≥ 0

andγ > −1,
1. Jα

a J
β
a f(t) = Jβ

a J
α
a f(t) = Jα+β

a f(t),

2. Jα
a (t− a)γ =

Γ(γ + 1)

Γ(γ + α + 1)
(t− a)γ+α.

The Riemann-Liouville fractional derivative has been studied by many mathematicians.
However it is not suitable to model real world physical phenomena because it has difficulties to



define the fractional order physical conditions such as initial condition. Here, we shall introduce
a modified fractional differential operatorDα

a proposed by Caputo [2].
Definition 1.3 The fractional derivative in the Caputo sense off(t), f(t) ∈ Cm

−1, t > a ≥

0, m ∈ N, t > 0 is defined by

Dα
a f(t) =



















Jm−α

(

dm

dtm
f(t)

)

, m− 1 < α < m,

dm

dtm
f(t), α = m.

(1)

2 MODELS OF FRACTIONAL-ORDER SYSTEM

In this section we investigate the effect of a slow passage through the bifurcation analysis and
resonance problems[?, ber,ber2,pd] Several relations between the value of the fractional-order
and the dynamical measurement are studied. To investigate the effect of a slow passage with the
bifurcation analysis we consider the following fractional-order system:

Dαr = r(µ− r2) (2)
Dαθ = β + br2 (3)

Moreover, to investigate the effect of a slow passage through a resonance, we consider a fractional-
order model:

D2αx+ γDαx+ x = sin(ωf t), (4)

whereγ is a damping coefficient andωf is a forcing frequency. Resonance is the tendancy of a
system to oscillate with large amplitude at some forcing frequencies. When damping is small,
the resonant frequency is approximately equal to anatural frequency of the unforced system.
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